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We present ab initio results for the electron-phonon interaction of the Γ-point phonons in
the tetragonal high-temperature phase of La2CuO4. Eigenfrequencies and eigenvectors for the
symmetry-allowed phonon modes are calculated with the full-potential augmented plane wave+local
orbitals method using the frozen phonon approach. It is found that the Γ-point phonons with the
strongest electron-phonon interaction are the A2u modes with 236 cm
−1, 131 cm−1 and 476 cm−1.
To take effect of strong electron on-site interaction into account we use generalized tight-binding
method that results in the interaction of phonons with Hubbard fermions forming quasiparticle’s
band structure. Finally, the matrix elements of Hubbard fermion-phonon interaction and their
reduction due to strong electron correlation are obtained.
PACS numbers: 71.15.Mb, 63.20.-e, 78.30.-j
I. INTRODUCTION
All physical properties of solids are affected by
electron-phonon interaction (EPI). The most powerful
manifestation of EPI is superconductivity in metals. In
high-Tc compounds effect of EPI on superconducting
pairing is also well pronounced1–3 however its crucial role
is under debate. The interpretation of underlying super-
conducting mechanisms in these materials is complicated
since intrinsic strong electron correlations can both in-
duce interactions which compete with EPI in pairing and
modify electron-phonon coupling along with properties
caused by it. To disentangle electron and phonon con-
tributions in correlated materials new experimental and
theoretical tools are wanted.
Recently an attempt to separate the electronic
and phononic glue in high-Tc superconductor has
been carried out using femtosecond spectroscopy on
Bi2Sr2Ca0.92Y0.08Cu2O8+δ crystals with simultaneous
time and frequency resolution4. Analyzing the different
temporal evolution of the electronic and phononic contri-
butions to the total pairing interaction Π(Ω) the authors
claim the dominant role of the electronic mechanisms of
pairing (∼ 80%) with minor (∼ 20%) contribution of the
EPI. This very interesting approach nevertheless requires
more deep theoretical analysis. In the Eliashberg theory5
the total interaction determines both the pairing cou-
pling and the renormalization of the electron dispersion
in the normal phase. Our meanfield analysis6 of the gap
equation and isotope effect with simultaneous account-
ing of strong electron correlation and EPI results in the
approximately equal contributions of the magnetic and
EPI coupling in high-Tc cuprates. However developed for
extended Hubbard model theory similar to the Migdal-
Eliashberg one with self-energy defined in non-crossing
approach reveals only small contributions of phonons to
superconducting pairing beside spin fluctuations induced
by strong kinematic interaction7. Thus the problem of
disentangling the electronic and phononic glue is far from
being completed.
Theoretical study of the systems in which electron-
electron interaction and electron-phonon one are nonneg-
ligible demands to define the band structure, electron
self-energy and polarization operators self-consistently.
It is obviously that competition of these interactions
can result7–9 in different physics depending on both con-
sidered model and relevant physical parameters there-
fore realistic approaches are required. Since ab initio
density functional theory (DFT)10,11 augmented with
the local density approximation (LDA)12 or generalized
gradient approximation fails to describe strongly corre-
lated systems new methods are developed.13,15 Linear re-
sponse approach based on dynamical mean field theory
(DMFT)16 and LDA enables13 to study the lattice dy-
namics and structural stability of correlated materials
if correlation effects are mainly local and self-energy is
dominated by the frequency dependence. Method com-
bining the LDA linear response calculations and a few
supercell calculations based on GW approximation14 and
screened hybrid functional DFT provides description of
electronic structure and lattice dynamical properties of
materials if self-energy has mostly the momentum depen-
dence.
However these methods are often highly computation-
ally demanding. For normal metals advantages of realis-
tic DFT and model consideration have been successfully
combined in hybrid scheme17. The later utilizes ab ini-
tio calculated18–20 matrix elements of EPI and spectral
functions which characterize electron-phonon scattering
in the equations of developed21–24 many-body theory ex-
2plaining properties of solids caused by EPI in normal and
superconducting states. To justify the hybrid methods
for materials with strong electron correlations we pro-
pose to convert characteristics of EPI obtained in single-
electron LDA picture in parameters of generalized tight-
binding method (GTB)25 which describe interaction of
phonons with Hubbard fermions forming quasiparticle’s
band structure. The GTB approach has been proposed
earlier to study the electronic structure of strong cor-
related electron systems as a generalization of Hubbard
ideas for the realistic multiband Hubbard-like models.
This method combines the exact diagonalization of the
intracell part of the Hamiltonian, construction of the
Hubbard operators on the basis of the exact intracell mul-
tielectron eigenstates, and the perturbation treatment of
the intercell hoppings and interactions. A similar ap-
proach to the 3-band p−dmodel of cuprates26,27 is known
as the cell perturbation theory28–31.
The rest of the paper is organized in the following
way: section II reports the computational details for
the augmented plane wave+local orbitals method, sec-
tion III contains the description of phonon eigenvec-
tors and eigenfrequencies for La2CuO4 obtained from ab-
initio calculations. These data are defined more precisely
towards previous calculations. The resulting EPI ma-
trix elements are presented in section IV, the scheme of
proposed combined method for Hubbard fermion-phonon
coupling study and a discussion of the obtained results
are given in section V.
II. COMPUTATIONAL DETAILS
In order to obtain an optimized lattice constants and
atomic positions as a starting point for frozen-phonon
calculations, the augmented plane wave + local orbital
(FP-APW+lo) method32 implemented in the WIEN2k
code33 has been used. This method provides the most
accurate way to treat crystals within density functional
theory. At this stage exchange and correlation effects
have been treated within the local density approxima-
tion. The atomic sphere radii RMT have been chosen
as 2.4 a.u. for La, 1.875 a.u. for Cu, and 1.575 a.u. for
the O atoms. For the wavefunctions, a plane wave cut-
off Kmax = 4.44 has been used, which corresponds to
about 970 basis functions and RMT × Kmax values of
10.67 for La, 8.33 for Cu and 7.0 for O, respectively.
We used 512 k points in the full Brillouin zone (BZ) for
the self-consistency cycles, which yields 56 points in the
irreducible wedge. The plane wave cutoff for expanding
the charge density and potential in the interstitial region,
Gmax, was 14.
All degrees of freedom, i.e., the atomic positions and
the lattice constants, have been optimized starting from
the experimental ones reported in Ref.34. The space
group of La2CuO4 in the tetragonal phase is I4/mmm
(no. 139). The structure with the lowest total energy
is found for a=3.72 A˚, c=12.98 A˚, i.e., the volume is
decreased by about 5%. The positions of La atom and
apex oxygen O2 are obtained as (0, 0, 0.3616 c) and (0,
0, 0.184 c), respectively, which implies that the z coor-
dinate of the apex oxygen changes by 0.03 A˚, while the
position of La is not affected by the optimization. LDA
band dispersions calculated for given crystal structure by
means of FP+APW+lo are presented in fig.1.
III. Γ POINT PHONONS
Tab. I shows the eigenfrequencies and eigenvectors for
all Γ point phonons of La2CuO4, while Tab. II com-
pares the eigenfrequencies with previous ab-inito calcula-
tions 35–37 and results from infrared (IR) measurements,
38,39 neutron diffraction40 and Raman scattering exper-
iments.41 The phonon modes have been obtained in the
frozen phonon approximation. Details about the proce-
dure are found, for example, in Ref.42. For each degree of
freedom 4 displacements, two in positive and two in neg-
ative direction, have been calculated. A linear fit of the
resulting forces as a function of displacement has been
used to set up the dynamical matrix, which yields the
phonon eigenfrequencies and eigenvectors.
In all three theoretical works35–37 the LAPW method
together with the LDA for the exchange-correlation po-
tential was used for the groundstate computations. Com-
pared to these calculations we have used a considerably
larger set of basis functions (about 950 compared to 750
in Refs. 35,36 and 650 in Ref. 37), and the generally more
accurate APW+l.o. scheme. Regarding the lattice con-
stants, Refs. 35 and 36 have used the experimental ones,
while Ref. 37 has optimized both the volume and the
c/a ratio yielding the same geometry as ours. For the
phonon calculations, Refs. 36 and Refs. 37 applied the
frozen phonon method, while the results in Ref. 35 are
based on a linear-response calculations.
Our frequencies for the A1g phonons are—as the ones
presented by Cohen et al.37—in excellent agreement
with experiment. A comparison of these results with
the ones obtained without geometry optimization35,36
demonstrates that the optimized geometry improves the
frequencies considerably. A similar situation is found for
the A2u modes, where the agreement with experiment
is again improved significantly and gives very good re-
sults. For the B2u mode the situation is different: our
frequency of 227 cm−1 is about 10% higher than the
one obtained with experimental geometry35,36 and thus
closer to the result of 270 cm−1 obtained by neutron
diffraction,40 while Cohen et al.37 report 293 cm−1 for
the same mode. This is rather surprising, since the lat-
ter used a very similar method and the same geometry as
it has been used in our calculations. Analyzing, finally,
the results for the Eg and Eu modes, it turns out that our
calculations have especially improved the results for the
low-frequency modes of either species, where former cal-
culations yielded either extremely low or even imaginary
frequencies. This indicates that for the low-energy fea-
3Mode ω Lax Lay Laz Cux,y Cuz O1x O1y O1z O2x O2y O2z
(cm−1)
A1g 415 – – 0.08 – – – – – – – 1.00
232 – – 1.00 – – – – – – – -0.08
A2u 476 – – -0.10 – 0.06 – – -0.57 – – 0.81
236 – – 0.38 – 0.10 – – -0.77 – – -0.50
131 – – 0.44 – -0.89 – – 0.02 – – 0.14
B2u 227 – – – – – – – 1.00 – – –
Eg 209 -0.28 0.28 – – – – – – 0.96 -0.96 –
73 0.96 -0.96 – – – – – – 0.28 -0.28 –
Eu 727 0.00 0.00 – 0.25 – 0.09 -0.93 – 0.02 0.02 –
341 0.05 0.05 – 0.27 – -0.92 0.05 – -0.04 -0.04 –
210 0.19 0.19 – -0.59 – -0.34 -0.34 – 0.05 0.05 –
80 0.14 0.14 – -0.02 – 0.07 -0.04 – -0.69 -0.69 –
TABLE I: Calculated eigenfrequencies (in cm−1) and eigenvectors of the Γ point modes of La2CuO4.
This Literature
work LDA35 LDA36 LDA37 IR Neutron40 Raman41
A1g 415 375 390 415 – 427 433
232 202 215 224 – 227 226
A2u 476 441 446 – 500
38, 50139 497 –
236 182 197 – 23538, 34239 251 –
131 132 119 – 13538, 24239 149 –
B2u 227 193 201 293 – 270 –
Eg 209 201 212 233 – 241 –
73 26 15 – 91 –
Eu 727 630 650 – 695
39 684 –
341 319 312 – 36039 354 –
209 147 146 – 14039 173 –
80 22 75i 39 126 –
TABLE II: Calculated eigenfrequencies (in cm−1) of the Γ point phonons compared to literature. Papers35–37 refer to DFT
calculations using LDA, papers38 and39 to infrared measurements, and paper41 to a Raman experiment. The frequencies
reported for neutron diffraction are extracted40 from data of La1.9Sr0.1CuO4 at 295 K.
tures the higher accuracy resulting from the larger basis
set is especially important.
The eigenvectors are similar to the ones presented in
Ref. 35. A major difference is found for the A2u mode
with 236 cm−1, where the eigenvector reported by Ref. 35
has a smaller contribution of La, but a much larger com-
ponent of the Cu atom. The frequency presented in
this reference is only 182 cm−1, which indicates that the
larger mass of La compared to Cu, which should lead to
a lower frequency, is more than compensated by the ef-
fect of geometry optimization, where latter yields a result
much closer to experiment.
IV. ELECTRON PHONON INTERACTION
The electronic band structure for the equilibrium
and changed ionic positions of all Γ point phonons of
La2CuO4 has been calculated. Then in each case the dif-
ference between the Kohn-Sham eigenvalues of the dis-
torted and undistorted system has been extracted. In
order to compare the electron-phonon coupling parame-
4ters for the different phonon modes with each other, the
displacements are normalized to obtain the dimensionless
phonon coordinate Q defined as43
Q
√
h¯
Mαωβ
eαβ = u
α
β . (1)
Here, ωβ is the eigenfrequency of the considered mode,
Mα is the mass of ion α and u
α
β is the corresponding real
displacement.
The results for k = 0 point of Brillouin zone are given
in Table III. We consider ionic position dependence of
the 6 bands with predominant contribution of Cu-dx2−y2
and Cu-d3z2−r2 bands, px and py bands of the in-plane
oxygen O1, and pz bands of the apex oxygen O2. Such
set of bands corresponds to 5-band p− d model and pro-
vide proper description of LDA bands near Fermi level.
The electron-phonon interaction is very different for the
different phonon modes: it is small for all bands for both
Eg modes as well as for Eu modes with 210 cm
−1 and
80 cm−1 and already an order of magnitude larger for
the O1-px, py bands in case of the Eu modes with 727
and 341 cm−1. All of the A1g modes exhibit consider-
able coupling to the O2-pz bands and O1-px, py bands.
The same four bands and also Cu-d3z2−r2 band are the
most affected ones in case of the B2u phonon modes.
The strongest EPI show three A2u modes which espe-
cially alter the O1-px, py, O2-pz, and Cu-d3z2−r2 levels.
The origin of this strong coupling is a poor screening
of the Coulomb potential perpendicular to the conduct-
ing CuO2 layers
44 that results in a strong modulation
of the Madelung potential by c-axes phonons. A direct
proof of strong coupling between electrons and ionic dis-
placements along the c-axes was the colossal heat ex-
pansion of La2CuO4 under high-power femtosecond light
irradiation.45 In this experiment a sudden increase of
the c-lattice parameter induced by photodoped holes has
been observed. The atomic displacements of the modes
with the largest EPI, i.e., the A2u modes with 236 cm
−1,
131 cm−1, and 476 cm−1 are presented in Figs. 2.
V. HUBBARD FERMION-PHONON
COUPLING STUDY IN STRONGLY
CORRELATED LSCO-SYSTEM
In conventional metals electron-phonon interaction is
of the form
HEPI =
∑
k,q,ν,λ,σ
gρ (k,q;ν) c
†
k−q,λ,σck,λ,σϕ
ν
q (2)
where ϕνq =
(
bq,ν + b
†
−q,ν
)
and bq,ν
(
b†−q,ν
)
is destruc-
tion (creation) operator of phonon of branch ν and mo-
mentum q; operators ck,λ,σ and c
†
k,λ,σ describe destruc-
tion and creation of electron with spin σ and initial mo-
mentum k in band λ; gλ (k,q;ν) is matrix element of
interaction between phonon and band electron. To prop-
erly evaluate the matrix element of EPI in correlated ma-
terial we should take into consideration that band struc-
ture of such system is not given by single electron pic-
ture of DFT augmented with LDA or GGA method. In-
deed, band structure of strongly correlated electrons in
cuprates looks like quasiparticle bandstructure of Hub-
bard fermions results from multi electron approach like
LDA+DMFT46–49 or LDA+GTB50. For example, LDA
results in incorrect metallic state of La2CuO4 while
GTB method reproduces charge transfer insulator for un-
doped system and strong spectral weight redistribution
between Hubbard subbands with hole doping in under-
doped La2−xSrxCuO4
51.
From the very beginning the GTB method has been
suggested for the Mott-Hubbard insulators like transi-
tion metal oxides to extend the microscopic band struc-
ture calculations and take the strong electron correlations
into account. As any other cluster perturbation theory,
the GTB method starts with the exact diagonalization of
the intracell part of the multielectron Hamiltonian and
treats the intercell part by a perturbation theory. The
exact diagonalization of the intracell Hamiltonian results
in complete set of orthogonal and normalized eigenstates
{|p〉} and allow us to construct the Hubbard operators
Xpqf = |p〉 〈q|. Due to definition of Hubbard operators
any local operators can be presented as a linear combi-
nation of X-operators, for example electron destruction
operator in the cell f with the band index λ takes a form
cf,λ,σ =
∑
p,p′
|p〉 〈p|cf,λ,σ |p′〉 〈p′| =
=
∑
p,p′
γλ,σ (pp
′)Xpp
′
f . (3)
Equation (3) shows clearly the difference in the Fermi
type quasiparticle description in the single electron lan-
guage and in the multielectron one. The operator cf,λ,σ
decreases the number of electrons by one for all sec-
tors of the Hilbert space simultaneously, while the Xpqf
operator describe the partial process of electron remov-
ing in the (N + 1)-electron configuration |p〉 with the fi-
nal N-electron configuration |p′〉. The matrix element
〈p| cf,λ,σ |p′〉 gives the probability of such process. The
splitting of electron stated by equation (3) on different
Hubbard fermions and following spectral weight redistri-
bution over these quasiparticles are the underlying ef-
fects of band structure formation in correlated systems.
It is obviously that applying the presentation of electron
(3) to Hamiltonian (2) will result in the interaction of
phonons with Hubbard fermions forming quasiparticle’s
band structure.
To consider the problem in details we proceed with
microscopical model of La2CuO4 system which reflects
its chemical structure and contains proper description of
its low energy physics56:
Hpd =
∑
f,λ,σ
(ǫλ − µ)nf,λ,σ +
∑
f 6=g
∑
λ,λ′,σ
T λλ
′
fg c
†
f,λ,σcg,λ′,σ +
5Band
Cu-dx2−y2 Cu-d3z2−r2 O1-2px O1-2py O2-pz(1) O2-pz(2)
A1g 415 0.137 0.137 0.776 0.776 2.147 1.462
232 0.264 0.616 0.459 0.459 1.398 0.713
A2u 476 0.517 0.765 1.335 1.335 2.755 1.042
236 2.701 3.913 8.806 8.806 3.791 1.054
131 0.829 1.557 3.132 3.132 3.332 0.692
B2u 227 0.082 0.519 0.585 0.585 1.029 0.239
Eg 209 0.036 0.125 0.073 0.073 0.048 0.273
73 0.015 0.059 0.278 0.254 0.039 0.161
Eu 727 0.320 0.232 1.038 1.093 0.784 0.342
341 0.198 0.568 1.366 1.568 1.213 0.568
209 0.053 0.059 0.133 0.149 0.156 0.108
80 0.060 0.213 0.132 0.118 0.155 0.198
TABLE III: Absolute value (in eV) of electron-phonon interaction parameters at k = 0 point of Brillouin zone for the different
bands and Γ point modes.
+
1
2
∑
f,g,λ,λ′
∑
σ1,2,3,4
V λλ
′
fg c
†
f,λ,σ1
cf,λ,σ3c
†
g,λ′,σ2
cg,λ′,σ4 .(4)
Here cf,λ,σ is the annihilation operator in Wannier rep-
resentation of the hole at orbital λ with spin σ, and
nf,λ,σ = c
†
f,λ,σcf,λ,σ. Index f enumerates copper and
oxygen sites, index λ runs through dx2−y2 and d3z2−r2 or-
bitals on copper, px and py atomic orbitals on the plane-
oxygen sites and pz orbitals on the apical oxygen; ǫλ -
single-electron energy of the atomic orbital λ. T λλ
′
fg in-
cludes matrix elements of hoppings between copper and
oxygen (tpd for hopping dx2−y2 ↔ px, py; tpd/
√
3 for
d3z2−r2 ↔ px, py; t′pd for d3z2−r2 ↔ pz) and between oxy-
gen and oxygen (tpp for hopping px ↔ py; t′pp for hopping
px, py ↔ pz). The Coulomb matrix elements V λλ′fg in-
cludes intraatomic Hubbard repulsions of two holes with
opposite spins on one copper and oxygen orbital (Ud, Up),
between different orbitals of copper and oxygen (Vd, Vp),
Hund exchange on copper and oxygen (Jd, Jp) and the
nearest-neighbor copper-oxygen Coulomb repulsion Vpd.
The ab initio hopping parameters and single electron en-
ergies of the Hamiltonian (4) have been obtained52 in
Wannier Function projection procedure53, Coulomb pa-
rameters have been defined54 in constrained LDA super-
cell calculations55.
The procedure of exact diagonalization of unit cell
Hamiltonian for multiband p-d model (4) have been per-
formed earlier in paper56 where problem of nonorthogo-
nality of the molecular orbitals of neighboring CuO6 clus-
ter is solved explicitly via diagonalization in k-space57.
To simplify the consideration we assume electron-phonon
coupling (2) does not change the set of eigenstates |p〉 and
their energies Ep significantly
58. Since the total number
of eigenstates is about 100 we proceed with limited set
of them that is reasonably if we are interested in low-
energy physics. The relevant states are given below. In
one-hole sector of Hilbert space formed by d9p6 or d10p5
orbital configurations the lowest eigenstates is the spin
doublet |σ〉 with b1g orbital symmetry. The lowest two-
hole states formed by d9p5, d10p4 or d8p6 orbital config-
urations are the 1A1 singlet |S〉 and 3B1g triplet |Tm〉,
m = +1, 0,−1. Therefore matrix elements 〈p| ccellf,µ,σ |p′〉
are defined in the minimal realistic basis {|σ〉 , |S〉 , |Tm〉}.
New cell orbitals diagonalizing the unit cell Hamiltonian
are the linear combination of initial molecular orbitals56,
the inverse transformation are given by
ck,λ,σ =
∑
µ
αλ,µc
cell
k,µ,σ, (5)
where index µ runs trough unmodified dx2−y2 and d3z2−r2
orbitals on copper, symmetric a and b atomic orbitals on
the plane-oxygen sites and pz bindng and antibinding
orbitals on the apical oxygen.
Taking into account probability coefficients
〈p| ccellf,µ,σ |p′〉 and definition (5) the electron-phonon
interaction (2) is being transformed
HEPI =
∑
k,q,σ,ν
∑
m,n
gSECmn (k,q;ν)
+
Xmk−qX
n
kϕ
ν
q (6)
with
gSECmn =
∑
λ,µ,µ′
gλ (k,q;ν)α
∗
λµαλµ′γ
∗
µσ (m)γµ′σ (n) . (7)
Indexm↔ (p, p′) enumerates quasiparticle band with in-
tracell energy ωm = εp (N + 1)− εp′ (N), where εp is the
p-th energy level of the N -electron system, this energy
acquires the band dispersion due to intercell hoppings56.
6It should be stressed that the GTB bands are not free
electron bands of the conventional band structure, these
bands are formed by quasiparticle excitations between
different multielectron terms and the number of states in
each particular band depends on the occupation number
of the initial and final multielectron configurations, and
thus on the electron occupation.
Parameters gSECmn (k,q;ν) of interaction between Hub-
bard fermions and Γ-point phonons for k = 0 are pre-
sented in Table IV. Analysis of the data in Table IV
shows that for each given quasiparticle band index m the
strongest interactions are exhibited by A2u modes with
236 and 131 cm−1 while Eg modes and Eu ones with
209 and 80 cm−1 demonstrate the smallest coupling. It
completely consists with the features of electron-phonon
interaction determining for a given band index λ in Ta-
ble III. However comparison of maximum values of inter-
actions in Tables III and IV for each given mode shows
their reduction in the limit of strong electron correlation
(Table IV) approximately on 20-30 percent with insignif-
icant exceptions for two Eu modes. This effect is caused
by strong electron correlations in the system that is obvi-
ously from equations 6, 7, and 3. Moderate suppression
of electron-phonon coupling by Coulomb interaction have
also been obtained for Holstein-Hubbard model using dy-
namical mean-field approximation59.
Finally we apply density functional theory and general-
ized tight-binding combined method for electron-phonon
coupling study in strongly correlated LSCO-system. The
suppression of parameters of interaction between Hub-
bard fermions and phonons due to strong electron corre-
lation is demonstrated.
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